Abstract. We consider a three dimensional perturbed Schrödinger operator H = −∆ + V (x), and the associated wave operators, that are defined as the strong L 2 -limits lim t→±∞ e itH e −itH 0 . We prove the boundedness of W ± as operators onto L p , for all p ∈ [1, ∞], provided the potential V is small in the Rollnik and Kato norms. We use this result to obtain sharp dispersive estimates for Schrödinger, wave and Klein-Gordon equations.
Introduction
Let us consider, in dimension n = 3, the operator H 0 = −∆; it is natural, from a physical perspective, to consider a perturbation of H 0 of the form H = H 0 + V (x), where V (x) has to be interpreted as an electric potential. A typical problem consists in finding suitable regularity assumption on the potential V under which, given a Borel measurable function f : R 3 → C, we can define the functional calculus f (H), possibly with the same mathematical properties of f (H 0 ), that is defined via Spectral Theorem (H 0 is self-adjoint on L 2 (R 3 ) with form domain H 1 (R 3 )). One of the possible approaches, coming from the mathematical scattering theory, concerns with the possibility to state the unitary equivalence of operators f (H 0 ) and f (H) on suitable Hilbert spaces: this property naturally leads us to consider the wave operators, that we define later in the Introduction.
The operator H 0 arises in a great number of evolution equations; here we point our interest on Schrödinger, wave and Klein-Gordon equations:
iu t + Hu = 0, u tt + Hu = 0, u tt + Hu + u = 0.
These belong to the class of dispersive equations; it is well known, for example, that the Schrödinger group e itH0 satisfies the dispersive estimates
and for wave and Klein-Gordon equations similar estimates hold, with a loss of derivatives on the initial data. An analytic motivation for the interest of timedecay estimates of kind (1.1) is that they permit, by standard methods (see [13] , [18] ), to prove Strichartz estimates; this linear technology is the crucial tool in the study of nonlinear problems. The Strichartz estimates for the 3-dimensional Schrödinger equarion are the following:
(see [13] , [18] ). The question if estimates (1.1) (and hence (1.2)) hold also for the group e itH , when the potential V decays at infinity and has singularities at points, was tackled by several people in the last years (see [11] , [12] , [21] [30] ). In particular, in Theorem 1.1 of [21] it is proved the sharp decay estimate for the three dimensional Schrödinger equation with a time independent potential that is small in the Rollnik and Kato norms; in the following, we recover this result as a corollary of our main theorem. We also mention [14] for some interesting counterexamples on dispersive estimates. The analogous problem for the wave equation was essentially solved in [9] with a time independent potential in the Kato class, and in the particular case of a small potential in [19] ; we also mention [7] , in which dispersive estimates are proved for the wave equation with a magnetic perturbation. On the other hand, much less is known for the Klein-Gordon equation, and a smaller literature is available.
In what follows, the potential V is real and satisfies the following assumptions:
The norm in (1.3) is usually called Rollnik norm, while the one in (1.4) is strictly related to the Kato norm (see e.g. [3] , [23] ) and we refer to it as to the global Kato norm. These two conditions do not give a constraint on the decay at infinity and on the singularities of V , but, roughly speaking, if V has the bound
for δ, ǫ > 0 small enough, then (1.3) and (1.4) hold. It was proven by Kato in [17] that, if V satisfies (1.3), then H admits a self-adjoint extension on L 2 that is unitarely equivalent to H. In particular, the spectrum of H is purely absolutely continuous, in other words P a.c. = Id. If we denote the resolvent operators by
the resolvent identity
and the representation for λ ∈ R
permit to conclude that the L 2 -limit operators R(λ 2 ± i0) exist by means of (1.5) and (1.6).
The unitary equivalence on L 2 between H 0 and H is realized by the wave operators
in this small potential context, these are constructed by Kato by an explicit timeindependent formula (see (2.1) below), that proves that they exist and are asymptotically complete (see Theorem 3.9 in [17] ). Moreover, there is unitary equivalence between each function of H 0 and H; in other words, for each Borel function f : R 3 → C, the wave operators perform the interwining properties 
For the wave and Klein-Gordon equations, similar computations lead to the same kind of results, but we need further informations about the boundedness of the wave operators on Sobolev or Besov spaces, as we see later in the Introduction. The program of using the boundedness of the wave operator to obtain dispersive estimates was developed by K. Yajima in the last 15 years, in the papers [27] , [28] , [29] , [31] ; these works deal with the L p and Sobolev boundedness of the wave operators, in dimension n ≥ 2, and the potentials are always assumed to decay at infinity. On the other hand, the critical decay assumption V ∼ |x| −2−ǫ at infinity is never reached, neither in the case of potentials without resonances. More precise results are available for the wave operators on the line, in which this analysis was began in [4] , [24] , and finally completed in [8] , where the assumptions are sharp. Now we can state our main Theorem: 
with the natural definition in the case r = ∞. Moreover, the perturbed Besov space B s p,q (V ) associated to the operator H is clearly defined by
In the analogous way, we can define the homogeneous Besov spacesḂ s p,q , using homogeneous Paley-Littlewood decompositions.
If we write the interwining properties (1.8) in the form
from Theorem 1.1 we immediately obtain the estimates
, These estimates can be applied to obtain dispersive estimates for the wave equation (1.10)
and for the Klein-Gordon equation
in space dimension n = 3. When V ≡ 0, the solution of (1.10) is given by
while the solution of (1.11) is
where we use the notations
and F is the standard Fourier transform. We prove the following proposition: 
Proof. In the unperturbed case V ≡ 0, estimates (1.12) and (1.13) are well known for the groups sin(t|D|)/|D| and sin(t D )/ D . In the perturbed case, from Remark 1.3 and the boundedness of the wave operators in L p it follows that
it is possible to prove thaṫ
1,1 , provided (1.4) is satisfied (see [9] for the homogeneous case, [19] for the nonhomogeneous case), hence the proof is complete. Remark 1.4. We observe that estimate (1.12) for the wave equation recover the main result in [9] , in the particular case of a small potential. On the other hand, inequality (1.13) for the Klein-Gordon equation is new, sharp about the decay, the initial norm and the asymptotic behavior of the potential, but the smallness of V is crucial in our proof. 
,1 . The rest of the paper is devoted to the proof of Theorem 1.1.
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Proof of Theorem 1.1
We show the proof of Theorem 1.1 for W + ; the operators W − , W * ± can be then treated with the same techniques.
The proof is inspired to the argument used in Theorem 1.1 of [21] , and it is totally based on the stationary representation
(see [17] ). An important consequence of the smallness of V is the fact that we can treat low and high energies at the same time, by expanding the time-independent representation (2.1) as we see in the following. By standard duality arguments, to prove the result it is sufficient to show that
Recalling (2.1), we only need to prove that the operator
Let us consider a cutoff function
and, for any L > 0 let us consider the scaling function χ L defined by
For each L we consider the approximate operator
where χ(H 0 ) is defined by means of Spectral Theorem (see e.g. [20] ), hence W L is represented by
We claim that
with the constant C > 0 independent on L. Suppose we have proved (2.8): then, taking the limit L → ∞, we immediately see that W L → W in the norm of bounded operators on L ∞ , and the proof is complete. Hence, it remains to prove (2.8).
By the resolvent identity (1.5), we can formally expand the operator W L as
Let us denote by
by (1.6) we have explicitly
By Fubini's Theorem, we can integrate with respect to λ first and rewrite (2.10) as follows:
A n f (x) =(4π)
× F λ→ξ (λχ L (λ))| ξ=−|x−x1|−···−|xn−1−xn|±|xn−y| dydx 1 · · · dx n , where F denotes the Fourier transform from the λ to the ξ variable.
and observe that (2.13)
Hence g L (ξ) is a rapidly decreasing function and we immediately obtain the estimate g L (−|x − x 1 | − · · · − |x n−1 − x n | ± |x n − y|) |x n − y| f (y)dy ≤ (2.14)
where the constant C > 0 does not depend on L. Finally, by (2.11), (2.12) and (2.14) we get
Recalling the expansion (2.9), by (2.15) we have
and the right hand side in the last inequality is bounded, thanks to assumption (1.4). In conclusion, estimate (2.8) holds, with C = C ( V K ), and the proof is complete.
